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ABSTRACT: Equations are developed for the bulk free energy of fusion, melting temperature, crystal thickness, 
and nucleation rate of copolymer crystals containing an arbitrary concentration of comonomer units. These equa- 
tions which represent advances over earlier ones are shown to be consistent with experimental data for copolymers 
of L- and DL-lactides and cis- and trans-isoprenes. Analysis of the lactide data confirms an earlier prediction that 
the crystal thickness should increase linearly with increasing small concentrations of the comonomer units for crys- 
tallizations carried out at the same temperature. Further, this linear dependence is shown to extend to crystals con- 
taining both equilibrium and nonequilibrium concentrations of the comonomer units. The nucleation rate equation 
is in agreement with the observed linear dependence of the logarithm of the growth rate on the comonomer concen- 
tration in isoprene copolymers. The following are consistent with the experimental data for the lactides: 461"K, 
equilibrium melting temperature of the homopolymer; 403OK, equilibrium dissolution temperature in xylene; 1370 
cal/mol of monomer (5730 J/mol) heat of fusion; 26.5 erg/cm2 (2.65 x J/m2) surface free energy and 585 call 
mol (2447 J/mol) comonomer defect energy. Directions for future research are suggested. 

I. Introduction 
The crystalline state of a random copolymer must lie be- 

tween two extremes which are illustrated schematically in 
Figure 1. In the first (lower figure), the crystalline phase is 
composed entirely of A units and is in metastable equilibri- 
um with a mixed amorphous phase of A units and noncrys- 
tallizable B counits (comonomer exclusion). In the second 
(upper figure), the crystalline phase is a solid solution of A 
and B units; the B counits produce defects in the crystal- 
line A lattice and both crystalline and amorphous phases 
have the same composition (uniform comonomer inclu- 
sion). 

I t  has been shown that, for both of these extremes, the 
crystal thickness increases linearly with increasing small 
concentrations of the B counits for crystallizations carried 
out at the same temperature.' Further, it  was proposed 
that this result which is a consequence of the crystallization 
kinetics is correct for intermediate concentrations of como- 
nomer units in the crystal. I t  remained evident, however, 
that  both experimental and analytical extensions of the 
basis for this prediction were needed. 

Extensive measurement2s3 on copolymers of L- and DL- 
lactides have provided data which permit further analysis 
and which exhibit the predicted effect for intermediate 
concentrations of comonomer units in the crystal. Thus, 
the data in Table I of ref 2 suggest (with interpolation) 
that, for crystallization temperatures of 85 and 90°, there is 
a linear dependence of thickness on comonomer concentra- 
tion and that this dependence decreases with crystalliza- 
tion temperature until a t  60' it  is undetectable. We shall 
discuss this point in a more analytical manner in section IV 
where the linear dependence of crystal thickness on como- 
nomer concentration is shown to apply to both equilibrium 
and kinetically determined concentrations of comonomer 
units in the crystal. To  do this, it  is necessary first to obtain 
in section I1 the expression for the bulk free energy of fu- 
sion of a crystal with an arbitrary concentration of como- 
nomer units. In section 111, this is used to determine the 
equation for the melting temperature of an infinitely large 
crystal with such a concentration of comonomer units. This 
equation is extended to lamellar crystals and fitted to ex- 
perimental data to obtain thermodynamic parameters 
needed for the analysis of crystal thickness given in section 
IV. In section V, nucleation rate equations are developed 
and compared with experimental data4 for polymers of cis- 
and trans- isoprene. The predicted linear dependence of 

the logarthim of the growth rate on comonomer concentra- 
tion is confirmed. 

11. Bulk Free Energy of Fusion 
A real copolymer crystal is formed under kinetic condi- 

tions which determine the actual concentration (denoted 
by X,) of B counits in the crystal. The bulk free energy dif- 
ference between such a crystal and the melt with a concen- 
tration of B units equal to the overall composition, X (mole 
fraction), of the copolymer is given by 

where AGO N AHo (1 - T/Tmo) is the bulk free energy dif- 
ference and Tmo the equilibrium melting temperature for 
the homopolymer. (Superscripts of 0 refer to the homo- 
polymer.) The excess free energy of the defect created by 
incorporating a B unit in the crystalline A lattice is e .  The 
derivation of eq 11.1 follows that for the equilibrium free 
energy.5 A binomial distribution of defects is assumed (see 
eq 2.4 in ref 5 ) .  A given term in the partition function is 
representative of a metastable state; the maximum term 
corresponds to the equilibrium state. Equation 11.1 is the 
result obtained for the metastable states. Note that the 
first term within the braces is the enthalpic (energy) con- 
tribution while the remaining two terms are entropic. 
When X, has the equilibrium value 

eq 11.1 reduces to the appropriate free energy of fusion for 
such a ~ r y s t a l . ~  

AG = 4 G 0  + R T  In (1 - X + Xe-f/RT) (11.3) 
Further, when X, approaches zero, eq 11.1 reduces to that 
for the exclusion model? 

AG = AGO+ R T l n  (1 - X) (11.4) 

Finally, when X, is equal to X, eq 11.1 reduces to that for 
the uniform inclusion model's7 

4 G  = AGO - tX (11.5) 

111. Melting Temperature 

T,, of an infinitely large crystal of composition, X,: 
Setting GG = 0 in eq 11.1 yields the melting temperature, 
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Figure 1. Schematic drawings showing the extreme states of crys- 
talline random copolymers. That at the top represents uniform in- 
clusion of the comonomer units in the crystal and that at the bot- 
tom represents complete exclusion. 
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Since the expression for the free energy of fusion reduces 
properly to those for comonomer rejection, equilibrium in- 
clusion, and uniform inclusion, eq 111.1 also reduces cor- 
rectly to the corresponding expressions for the melting 
temperature.'~5-~ 

Incorporation of eq 11.1 into the expression AG - 2ue/1 = 
0 yields the melting temperature, Tm(l ) ,  of thin crystals: 

In this equation, 1 is the thickness of the crystalline layer 
(not the long period) and ue is the fold surface free energy. 
As a test of eq 111.2, experimental values2p3 of Tm(L), 1, X ,  
and X ,  were used together with an assumed value of the 
ratio Tmo/AHo to adjust the values of Tmo, ae, and t to yield 
a least-squares fit in Tm(l).  The fit was found not to be 
very sensitive to the value of Tm0/AHo with a range of 
values of this parameter yielding a standard deviation of fit 
of 2.9'K. In view of the possible experimental errors associ- 
ated with the four measured quantities, a deviation of 
2.9'K is reasonable.8 Further, it is significantly smaller a t  
the 10% level of confidence than the deviation for the 
three-parameter equation which assumes uniform inclusion 
of the comonomer units (X, = X).'n7 Thus, eq 111.2 is con- 
sistent with the experimental data and an improvement 
over the equation corresponding to uniform inclusion. 

Because of the number of adjustable parameters, the 
range of the data, the experimental data scatter, and the 
form of eq 111.2, the fit of the equation to the data varies 
little with the ratio Tmo/AHo as noted above. Consequent- 
ly, the resultant values of Tmo, AHo, ue, and especially c are 

subject t,o considerable uncertainty. On the other hand, 
both Tmo and AHo can be determined reasonably well from 
analysis of measurements on the h ~ m o p o l y m e r . ~ . ~  There- 
fore, these were used in conjunction, with eq 111.2 and the 
experimental data to determine 6, and t. The resultant 
values are 585 cal/mol of comonomer units ( 4 . 0 3  eV/de- 
fect) for t and 26.5 erg/cm2 (2.45 kcal/mol or 10.3 kJ/mol of 
folds) for a, corresponding to 461 f 4'K for Tm0 and 1370 
cal/mol (5730 J/mol) of monomer units for AHo. The value 
for ue seems reasonable in that it is comparable with the 
values for other polymers with C-0-C backone sequences: 
polyoxymethylene, 3; polyoxyethylene, 2.3; and polyoxy- 
propylene, 3 kcal/mol of folds.g Similarly, c is comparable 
with the only other available value: approximately 0.04 eV/ 
defect for copolymers of tetrafluoroethylene and hexafluo- 
ropropylene.' 

IV. Lamella Thickness vs. Comonomer Concentration 
Previously it has been predicted' that  the lamella thick- 

ness of a series of random copolymers should increase with 
increasing concentration of the noncrystallizable counit for 
crystallizations carried out at the same temperature. We 
briefly review and extend here the basis for this prediction. 
The kinetic theory of polymer crystallization predicts that  
the theoretical crystal thickness I *  is given by 

1* = 1, + 61 (IV.1) 

where 1, = 2ue/AG and 61 is a small additive term which is a 
weak function of temperature. The experimentally ob- 
served crystal thickness lobsd will differ from 1' if the crys- 
tals thicken with time. In general 

where C( T )  includes 61 plus any thickening that may occur 
at the crystallization temperature, T.  Of course, C ( T )  is 
also a function of time, but it will be assumed that we are 
dealing with either a long time or an isochronal value of 
C ( T ) .  For a copolymer, eq IV.2 can be rewritten as 

2u AGO 
lobsd = [ z] (IV.3) 

or 

Equation IV.4 follows from eq IV.3 under the assumption 
that ue and C ( T )  are independent of X .  (Under some con- 
ditions, the assumption for C ( T )  can be relaxed.)' The iso- 
thermal concentration dependence of lobsd is completely 
embodied in f ( X , T )  in eq IV.4. Using eq 11.2 yields for 
equilibrium inclusion: 

-RT In [ l  - X + Xe-e/RT] 
AGO + R T  In [l - X + Xe-'lRT] 

(IV.5) f ( X , T )  = 

Expansion of eq IV.5 in a power series in X yields 

f ( X , T )  = - (1 - e-f/R*) x R T  
AGO 

X 1 + (1 - e - f / R T )  (i + % ) X I  (IV.6) [ 
which indicates that  f ( X , T )  is proportional to X for small 
X. This conclusion is valid whether t / R T  is large (exclusion 
favored) or small (inclusion favored), although the limita- 
tions on the values of X and R T / A G o  are slightly different 
in the two cases. These results further suggest that  lobed 
might initially increase linearly with X for nonequilibrium 
concentrations. When eq 11.1 is used instead of eq 11.2 for 
AG in f ( X , T ) ,  it  is not possible to expand f ( X , T )  in a 
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power series in X as above since X ,  is an unknown function 
of X .  However, it is possible to demonstrate linearity by 
numerical means for the lactide copolymers. All the quan- 
tities needed for this are available except the equilibrium 
dissolution temperature of the homopolymer, Tdo. 

The analysis in eq IV.l-IV.4 is valid for crystallization 
from solution if Tm0 is replaced by T d o .  Although the lac- 
tide copolymers of ref 2 and 3 were crystallized from solu- 
tion a t  several temperatures, all the data can be analyzed 
simultaneously under the additional assumption that C( T )  
in eq IV.3 is only weakly temperature dependent. Then eq 
IV.4 suggests that a plot of l&sd vs. (AGo/AG)Tdo/AT = [1 + f ( X , T ) ] T d o / A T  should be linear with a slope of 2ue/AZ-Z0. 
Since all the parameters are known except T d o  in f ( X , T )  
and A T ,  fits of l&sd vs. [l + f ( X , T ) ] T d o / A T  were made for 
various values of Tdo. The best linear fit which was ob- 
tained when Tdo is 130° is shown in Figure 2. The slope, 
2ue/AH0, equals 5.98 A and the intercept which represents 
an  average value of C ( T )  is 39.8 A. The standard deviation 
of the fit is 4.7 which is reasonable in view of the possible 
errors. The values of ue (26.5 ergs/cm2) and AHo (1370 call 
mol) determined above from melting temperature and calo- 
rimetric data yield a 2ue/AH0 ratio of 5.17 A in pleasingly 
good agreement with the value obtained in the present 
analysis utilizing crystallization temperature and lamella 
thickness data from both homopolymers and copolymers. 

All the quantities needed to demonstrate that f ( X , T )  is 
linearly proportional to X for small X are now available. 
The linearity can be examined most clearly by graphical 
means. In Figure 3, the solid line gives f ( X , T )  vs. X for the 
lactide copolymers crystallized from solution at  60' show- 
ing that f ( X , T )  is indeed approximately proportional to X .  
Thus, this relationship applies not only to the extreme co- 
polymer crystals with the comonomer units either rejected 
or uniformly included but also to crystals with intermedi- 
ate concentrations. Therefore, f ( X , T )  is given by: 

f ( X , T )  N A X  (IV.7) 

For rejection, A 3 R T / A G o  for small X and, for uniform 
inclusion, A N t/AG0.l The former is shown for comparison 
by the broken line on Figure 3. 

V. Nucleation Rates 

given by' 
The nucleation rate, S ,  of a coherent surface nucleus is 

(V.1)  

where bo is the monomolecular thickness, u is the lateral 
surface free energy of the crystal, and SO is a constant. The 
temperature dependence of the activation free energy AG* 
for transport of a polymer segment across the melt-crystal 
interface is usually represented by 

In S = In SO - AG*/RT - 2ubolco [l + f ( X , T ) ] / R T  

where C1 and C2 are the WLF constants characteristic of a 
given polymer and T ,  is the glass transition temperature. 
Proceeding as in the development of eq IV.4, we can ex- 
press the nucleation rate of the copolymer in terms of the 
homopolymer nucleation rate plus a term that contains the 
comonomer concentration if we define the following func- 
tion: 

AG* 
AG *O 

F ( X , T )  =------ - 1 (V.3)  

Thus, collecting the homopolymer terms yields: 

In S = In So - [AG*OF(X,T) + 2boulC0f(X,T)]/RT (V.4) 

40 50Y 
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(T: /AT) [l + f (X,TJ] 

Figure 2. Illustration of the linear relationship between crystal 
thickness and (Tdo/AT)[l  + f ( X , T ) ] .  
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Figure 3. Plot illustrating the linear relationship between f ( X , T )  
and X .  Data from ref 2 for the 60' crystallization temperature are 
used together with thermodynamic values given in the present text 
to yield the solid line. For comparison, the broken line shows 
f (X ,T )  for the complete rejection mode of crystallization. 

where So is the nucleation rate of the homopolymer (not 
the preexponential factor SO). We have assumed in deriving 
eq V.4 that So is independent of X. Often T ,  N Tg0 + B X  
where B is a constant for small X and F ( X , T )  can be ap- 
proximated:'O 

= cx BX F ( X , T )  N 
Cp + T - T ,  (V.5) 

Then eq V.4 can be approximated as 

In S In So - [AG*OC + 2boulCoA]X/RT (V.6) 

From this equation it follows that the logarithm of the iso- 
thermal growth (nucleation) rate should be a linear func- 
tion of comonomer concentration as has been observed for 
copolymers of cis- and trans- isoprene? Assuming complete 
comonomer rejection and using the given values4*'' for the 
parameters in eq V.6 yields a value for a In S/aX which is 
comparable with that of Figure 10 in ref 4. A similar value 
obtains if one assumes uniform inclusion and a value of c 
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comparable with RT. The effect of comonomer concentra- 
tion on the temperature of maximum growth rate, T,,,, 
can also be estimated: 

T m a x  = Tmax' + (a;T) - + . . .  (V.7) x=ox 
For either uniform comonomer inclusion or complete rejec- 
tion a value of (aTma,/aX)x=o of about -60' is obtained for 
the cis- isoprene-trans- isoprene copolymers. Thus, for a 
value of X of 0.024 only a small shift (about -1.5') is ex- 
pected in T,,,. This agrees with experimental observa- 
tions. 

For solution crystallization the second term in the square 
brackets of eq V.6 will dominate. Dividing the slope of In S 
vs. x by the slope of l,,bsd vs. x a t  the same crystallization 
temperature yields -2boulRT and thus provides a method 
of determining u. This also applies to melt crystallization if 
the temperature is well into the nucleation controlled range 
and thickening is not a strong function of copolymer com- 
position. 

VI. Conclusions 
Equations have been developed for: the bulk free energy 

of fusion, melting temperature, and thickness of crystals 
containing an arbitrary concentration of comonomer units. 
These equations are consistent with experimental data for 
L- and D L - l a ~ t i d e s ~ , ~  and confirm an earlier prediction' 
that the thickness of random copolymer crystals increases 
linearly with increasing small concentrations of the como- 
nomer units for crystallizations carried out a t  the same 
temperature. 

An equation has also been developed for the nucleation 
rate of crystals containing an arbitrary concentration of co- 
monomer units. This equation is in agreement with the ob- 
served linear dependence of the logarithm of the growth 
rate on the trans concentration in cis-isoprene-trans- iso- 
prene  copolymer^.^ Furthermore, the observed weak de- 
pendence of the temperature of maximum growth rate on 
the trans concentration is also in agreement with this equa- 
tion. 

Further work is needed to understand the kinetically de- 
termined concentrations of the comonomer units in the 
crystal since these2v3 do not agree with present t h e o r i e ~ . ~  
One aspect of such work ought to be an investigation of the 
temperature dependence of the defect energy. Calculations 
with an elastic model show this energy to be proportional 

to the shear modulus of the matrix in which the defect is 
located.12 Moreover, ultrasonic measurements show the 
modulus for longitudinal waves in polyethylene, for exam- 
ple, to increase by a factor of 3.8 in the 50' range below the 
melting temperature.13 (The crystallization temperatures 
in ref 2 cover a 50° range.) Measurements of the shear 
modulus do not extend to the melting temperature but 
they show a factor of 10 increase between 130 and 80' in 
p~lyethylene. '~ While the source of these changes might be 
debated for a two-phase system near the melting tempera- 
ture, they nevertheless do correspond to changes in the 
overall matrix in which the defect is located. Additionally, 
theoretical calculations for imperfect crystals of chain hy- 
drocarbons yield changes of similar m a g n i t ~ d e . ' ~  All these 
results suggest that the defect energy would increase and 
that the comonomer inclusion would therefore decrease 
from that otherwise predicted as the crystallization tem- 
perature is lowered. This is the trend observed in experi- 
mental data.2,3 Thus, the consequences of a temperature 
dependent defect energy ought to be examined in more de- 
tail. 
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